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1. Moet "theories® are derived for ‘rather simple idealized
cases, and when 1t comes to applyinsz them to practical prod-
lens many important factors nust be entlirely neglected, or
“thelr: effects guessed at,” In thls report a deliterate effort
has beern 'made to include all the factors which " are commonly
Tproaent and wlich.have an important effect on the final re—
- sult,” with as high a dégree of accuracy as preaent knowledge
of the squect permits, .

2, A -theory covering such a wide range cannot be expected
to be reduced to sicple formulas or charts, It has been, how—
‘ever, put in such form that anyone familiar with oalculating
and plottinw can - study a ‘considerable .range of practical ap—
S plications with from a few hours to & few days ¢f work, That
is, the work involved 1s somewhat similar to that required
B for solving a staticolly 1nncterm1uéte structure, Much sim—
pler methods, of courss, can be developed for more limited ap—
‘plicatione (see,for \tdrple.ryxer'n-e 1 or 2) and these
should be used where they ar» applicabdle, ..
1
3., ° This theory iz based on the emergy method and 1nvolves
‘a numbor of approximations, some rather rouvh Jactors have
beon -introduced to corrent dse much ‘as possihle ‘for the errors
involved in the method, and ‘the principal effects of tho
many variablee inv01Vcd haﬂe boen consﬂdersd in a .reasonably

"Chance Voufht A;rpraft and Illinois Instttuta of Tecnnclogy.
This paper vas. preparod as a report for Waco Aircraft Company,

-
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rational manner, :The thecry chetks tloeely with previous
theories for numerous widely divergent epecial cases, and
there is good reason to belleve that it will give reasonw
ably acourate and oonservative results in the other cases,
Suoh experimental cheoks as are available oonfirx this

' belief, The theory covers many inportant practical cases
for . which no othor theoretical method is available, and
for such cases presumably must sorve until more refinecd
analyses are developed, Xven the alternative of making
and teeting small portione of the structure is open to
serioue question; as is diascussed in paragraph 13,

4, In the follovwing, the case of a complete cylinder is
oonsldered to be a specilal case of a panel, The few ways
in which a cylinder must be treated differently from a
panel are pointed out in thelr proper places.

APPLICATION OF THEORY

.

B, This is a theory of elastic stablility and,. 1ike other
suoh theoriee, mseumes a conetruction with no imperfections
of shape or elaaticity, Two factors, K; and Xg, however,
are presented, which can be applied to tae results of the
theory and which approximately allow for the limitations in
the elasticity and strength of actual materials and the
other imperfections present in actual structuros,

6. ds to odge or boundary conditions, the theory is firat
set up for the case of hinged or "simply supported® edges,
However, modifications in the mathod of applying the theory
are prcsented which permit any dugree of fixity between
hinged and fixed conlitions to be evaluated, and 1té most
important zffects to bo comsidered,

e It seems to be common practice, probably because of the
difficulty of coneldering these subJects, to neglect both the
unfavorable effect of imperfections ani the favorable effect
of any end fixity which may be present, These two effects

40 anty in opposite dircctions; however, particularly in deal-
ing with ourved sheets, it 1s not eafec to assume that they
cancel each other, as each may vary over a very wide rangec
and are each functions of entirely different conditions, It
is recommended that these effects should be neglected only
when the product X, by X, 1is greater than 0,8 and therc 1g
obviously a considerablo degree of end fixity present, To use
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the feators X, and K, and neglect end fixity is in many
caseés very much overconservative, and it 1s believed that
by far the most reliable results can be obtained by con—

sidering all theee factors by the methods to be described,

8., 'As stated, the theory is a stability or buckling theory.
and doee not consider the rise in reeistance which may occur

edges, or the developmant .of a diagonal tension field in
shear, . .

a, The theory is developed for the case of stresses which
are constant over the panel, and the question will arise ae
to how 1t can be applied to cases where these etreeses are
variable, If no more accurate theory is available, the
following methode are suggested;

10, If the stresses vary only slightly, assume them to
.be constant and of their average magnitude, or of the
magnitude:

3 Say + Spax

, | ——— b ot i e e et

4 . (1)

where Say 1s the average and Sp,x 1is the maximum stress
of each kind on that panel, (It is obviously unnecessarily
conservative to use the maximim stress; and, as the average
stress might give somewhat uncunservative results in certain
cases, the above is suggested as.an arbitrary but reasonable
‘compromise,}

11, When the stresses vary widely, study the case of the
whole panel and of various portioms of it, each considered

as a smaller panel with a hinsed odge along tho attificisl
dividing line, Conslder each of thuse panels to be.subjocted
to uniform stresscs of the magnitude given by equation (1),
Then discard all the cases oxcept the onc which proves-to be
most eritical, Figzure 1 shows the case of a shear web of a
boar, In figure la §Sg and S, are the equivalent uniform

‘shear and cornpressive stresscs assumed to bo acting over tho
whole wsb, Filzuros 1b and le similarly show the uniform
stresses assumod to be acting over portions of the web con—
sidered as separate panels, Judgment and experience usually
indicate the cases whickh are likely to be critiecal,
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1%, In the buckling of ‘curved sheets not only the ‘con—
d14ion of restraint at the bouadaries against lateral and
.rotational displacements dut alsc against displacements
.4dn the plane of the sheet must be considered, In this
theoxy, it is assumed that all linear restraints are the
.sake 'ag’ if each  panel were a part of a large cylinder
which is divided into many such panels, the buckling de—
flection. of which has nodes along the dividing lines,
This corresponds closely to the condition of penels in
actual stiffened honocoque construction, in which longi-
tudinal and circumferential stiffeners strongly resiet
lateral deflections, but are incapable of interfering
‘appreciably with displacements in the plane of the sheet
(because the sheet is obviously far stiffer in this di-
rection than any stiffener can bde),

13, This kind of restraint is got the same as that exist-
ing when separate panels are loaded in grooves in testing
machines, ' Hence the results of tosts of thls kind will
not necessarily.check with this theory, and a guestion
should be raissd concerning the common practice of apply-
ing such reeults to the panels of stiffened monocoque con-—
struetion, All this is quite aside.from the question of
the lateral and rotationaledge restraints usually pro-—
vided in gsuch tecsts, It might be stated in this connec-
“tion that the conditions in a "flat end" test are inde-
termingte, hut in most cases proctably ruch closer to fixed
.end thap to hinged end coanditions, and hence unconservative
for use .in most applications, Preferadble methods of test—
ing are.discussed in the appendix (paragraph 136),

14, The question of the boundary restraint in the plane of
the sheet is unimvortant in the buckling.of Jlat panels but
it is probabdly important, though usually neglected, in con—
nection with, the u}t}mate strengti of thin flat panola, as

thg .puncls ars tHen in the "large detrlection” range,

EVALUATION OF THE ELASTIC PROPERTIES OF THE SHEET

15, In applying the theory it 1s necessary to.firet palcu—
late certain digensionless quantitics describing the elastic
proporties of the eheet, For plywood sheets, we first sat
‘down the following properties of the wood alone. Thaese can

‘be oltained .from reference 1, pages 13, 14, and 13, The
symbols IL Grr, and so torth, are as used in this roference!
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16, E = Ej 1is the comprossion modulus, in the direc—

tion of the grain, of the face—ply material, This may be
taken as about 10 percent greater than the values of bend—
ing modulus given in reference 1, page 14, Shear strains
are probadbly nearly as impdrtant in the bduckling of plywood
sheets as in the standard wood-bending test, However, a
little increase over the bending value is Justified be-
cause of the decrease in thickness and consegquent increase
in density which usually takes place in the molding of
plywood, and because the compression modulus of wood, which
is dominant in a stability problem, 1s prodadbly somewhat
larger than the teneile or bending modulus, Since an allow-
ance has been made for scatter in the values given in this
reference, the results of using them in this theory will
evidently also be corrected to some extent for scatter,

[ Bpy, for rotary cut veneer
Bry for quarter sliced vencer
(ET/EL) for rotary cut

(2p/E;) for quartor sliced

B/(1 - u*/e)

GLT/E = (1 - pz/o)(GLT/EL) ‘for rotary cut

. 2 ) ;
Grp/e = (1 = p /je) (Gyg/Ey) for quarter sliced
H=2p + 4¢

17, The following constants depend on both the material
and distridbution of plies, For standard plywood (having
plies lald eymmetrically about the midplane and at right
angles to ench other) and if all plies are of the same
materinl:

A= (1=t #t;=ty® ) +0(t, —t,+ ta...)
3

e (1~ ) + b, =ty + ) +fty =ty + ty ..
3 (3,)

3 3 o
>4 )Y +oe(t; =ty 4tz .0.))

3 3
(1 - t,° + t," - t4

e (1~ 1;1:s 2 tas" t:ss +oe ) * (tls - tas + tss.'.'".'}-
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A.and B are proportional to.the extensional etiffnegses,
and C:and D-to'the bending stiffnesaeu of the sheet in
the, direction -of the face grain-and the perpendicular
direction, renpectively. . Obviously A+ B3 = C+D =1+ ¢
for. this. casé, The numberl t,, tg, and so forth, are
the. rntiou‘ to-the: outside thicknese- t,  of the thick—-
dess with.the outer.plies removed, :then-with the next
.plies removed,.and.so.forth, -as’ in figure 2,

18, . ¥or ntandard plywood having plies of difforent wocda,
an avernge value .for the .different materials can be used
for p, e, g, --and H without sorious error, and

_;;[.("1,'.-_ '{:1.)+ (‘.t,i. ta')na',/m - e»[(.tl— t2)B, /B4 ,.] .

B=o (1~ t,_) + (t=t3)Eas/E+ .. ]+ [(¢ -—tz)xm/E+-..] (39
13
C= [(1-t, )+(1:;J —-ts )EH/E+.,]+o [(tl--ta YE, o /E+,.]

Dee [la= t13)+ (tia- tSS)Eea/E*‘ N [(1513— tza)Exa/E+ sl

whore Eps 1s the value ef E for the material of the
palr of plies lying tetween ¢, and t3, and so forth,

19, 1If materials having widely differcnt values of 4, e,
and so forth, are combined, or if the plics are symmatricul
about tho middle plane of the plywood but not at right =angles
to .oach othor, calculate values of K ., Y, D, ... Dg, (equn—
tion 4) for euch pair ef plies such as the pm r hetwecn t3
and tj, designating them by hiJ alele YiJ- liJ . e ﬂiJ'

In doing this, tako A = C =1, B =D = o0, uso valuecs of
@, W, g& and H corresponding to the material of the ply,
and tnke 6 o8 the angle betwoon tlie grain ef that ply and
side b of the panel, as in figuros 3a, b, Then for the
wvhele plywood p

M o= z(_t_i—_td)(z“/x)hi-d, coee T = 0ty = t)(Ey /30T,

D, = 2“13‘*’,13)(31,1/3)1’11,1-' e Dg= E(ty%=t P )(Ey 4/B)D,

the summntion beineg takon over all the rairs of plios and
the, core ply. 2
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20, If the plies-are not symmetrical and not at right
angles, proceed as for the laet case, studying each ply
separately and treating it as if it and its mirror image
in the middle plane of the plywood formed a pair of plies
like the previous one, Then, to correct for having con-
sidered tho images, which do not really oxist, the final
values of ¥, N .+s--Dyvse should bde dividod by 2, ,

2l, TFor a sheet of isotropic material of modulus E,

Poisson's ratio g, and thickness t, the above constante
become

0o=A=B=0=D-=1; ¢ = E/(1 -pu2); g=(1~p)/2, H=2(3;)

22, Tor applying the theory to the general easo of any
kind of a sheet,see the appendix, raragraph 90,

23, All tho quantities of equations (2) and (3) aro in-
dopendont of the orientation of thc gsheet in the panel, Tho
following constants dopend aleo on the angle 8 of tho prin-
cipal elastie axis of the sheot (tho outer ply grain direc-
tion for standard plywood) with the shorter side of the panel
b (figs.3a, b), These constants are, however, indepondent
of tho dimenslions and loading of the panel,

24, All the constants needed for the most general case are
given below, but only about half of them are required for

the average problerm, In equation (5) the gquantities in

braces are sero for the common cases of lsotroplc shecte,

all 0° and 90° plywcod panels, and all "balanced" 45° ply-

wood panels, They may always be neglected if X and Y

are less than 0,02, The gquantitiegs 4A,... Ae are used

only in case A problems, and the quantities By... Bs

only in case 3 problems, All the quantities except D;.+s Ds
define extensional properties of the shoet, which are required
only when there is curvature, The auantities Dy.w. Ds de-
fine flexural propcrties, which are required for flat sheecte
as well as for curved, '
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M=4 [A sin® 9 + B cos* 8 + H ein® ¢ cos® §)

4

¥=4[3 sin® 0 + A cos* o + H sin” @ cos® o)
.

P-'4'[(A+ B — H) sin® ¢ cos? e+u]
q=4 [(A+B—H) sin® @ cos"e+g]

X= 2 sin 0 cos @ [2A cos® 9§~ 2B g.n® 9* H (sin® o cos2 8)]

Y= 2 sin 0 cos @ [éA €in? 6 2B cos® §—H (s:lna e cosa 9)]

D, =@i82 Ce, sin® o+ D cos 0+H sin® 9 cos® 6] ' (4)
D;, = 0,82 [D ein% 8+ C cos® 0 + E sin® 0 cos® 'eJ

De=0,82 [6 (C+ D — E) sin” o cos® ¢ + 1] :

Ds= 0,82 sin 8 cos @ [éc cos® g— 2D sin‘ 0+ H (sin 98— cos® 9)]

. o *

Dg =-0, 82 sir 0 cos 8 [20 sin® g— 2D cos® 0—=H (sina 9—~coc®9)]
e

Thege expréésions ¢implify a great deal for particular values
of @, 'For @ = 0° )

M.= 4B} ¥ = 443 P = 4p; Q= 4g; X =Y =0 .
. (4,0)
D, = 0,82D; D, = Dy = 0,820; Dy = 0,82H; I's = Dg = 0 .
Por 8 = 90° 5
M= 4h; WN=4B; P=4p; Q=.4g; X=Y=0
. (44,0)
D, = 0,820; D, = Dy = 0,22D; D, = C,82H; Dy = Dg = O
For @ = 45°
e ¥=A4A+ B+ H; P= A+ B~ H+ 44
X =Y = A — ;Q=A+B—2u (4‘50)
D,_::I)2=D:s = 0,206 (C + D + H); D, = 1,23 iCn D)~ 0, 41E
Dg = Dy — 0,41 (C — D)
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For an isotropic sheet

M=VXN=4; P=4p; Q= 2(1 -~p); X =
(4150)
Dy, = Dy = Dy = 0,82} Dg = 1,653 Dg

25, The values of ¥, N, P, Q, X, and Y thus found are then
usod to compute whichever of the following quantities are
needed in the problem being studied:

r Do
A, = MQ® - {QY"’}; A, = PRQ - {m”}; Ay. = NNQ -~ P3%Q

.

{A. = NQX =~ XY®; Ay = PXY - NX®; 4, = PQY - mq,x}

B, = Ag; By = MN° — ¥P° 4+ 4Q° 4+ {‘mxy - 4Px* - qxa}:
.

.

By = X°Q - {Nx"} "5 8

r - 2
13,. = NQX — NFX + N°¥ — X°; Bs = MNX — PQX — P'X + mvz}
C, = MQs Cy= (P + Q)% + {4”}; Cy= NQ; C, = MN—P?_ 2PQ
S
r : ‘ .
1‘05 = QX+ NY; Cq = —X°; Cyp = NY — 2PX—~ QX; Ce = MX + QY}

CALCULATION OF STABILITY STRESSES, EKINGED EDGES

2€s After calculating the previous shoet properties, which
can then be used for panels of any dimensions and curvature,
the stabllity stresses are analyzod, To reduco confusion,
four types of problems are ccnsidered: case A, for unstiff-
ened cylinders or panels with the 1ohger sldes a curved;
case B, for unstiffened panels with the shorter sides b
curved; and cases A' and B! for similar stiffened cylinders
and panels, For all thesze cases

Fn = K E_Sa5 Fp = K,K;8p; Fg = K K Sg (e)
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Say Sy, and §; thooretical comprossive stresses in tho
directions of a and b, respectivoly,
and the shear stress which will cause
instability under ideal conditionr

.

Fy, and ¥, corresponding stresses which can bYe ox-
pected to cause failure in practical
construction

y

ar

27.  Quantity K, v(fig..s) allows for the limited stronzth

of tho material and other imperfections in flat sheets, In
this figure stheor stab. ig the theoretical strbility

strogs S § s

Sq1 Sy, o1 S

s Spat- strongth is the correepond—
of stross, that is, tke crushking strensth in the a 'dirasc—
tion, the crushing strength in the b dircctien, and tho
shearing strength in the a or b diroctiosn,, .

28, In some cases, a composiite material is involved, for
example, & sheet with stiffeners in the a direction, ZFor
this case, there are two values of §S,, one for tuae sheet
and ono for the stiffener (as discussed later), In such
gases the value of K, for all the materials shculd be’

one
data on the crushins and shoar strength of plain wcods and
plgwcod panels are given-in 'reference 1 (pp. 14, :30, 38, =«
a1, :

detormined and the lowest value used with all of thom, &S

d

29, Quantity EK_ (fig, 7) allows for the additional

of imperfections in curved sheets, In this fizure a

t are the length of the curved sido nnd thickness cf th
panel, while t' 1is a rough "cffective thicknoss" for stiff-
endd constructicn, to be used in studying bucklinsg neross
stiffeners, The values of m and n used nre the criticnl
vanlues, corrosponding to tho final values of §,, Sp, or S,
as discussed 1n the following,

CASE A

30, TFor unstiffened gylinderj, and the buckling botween

stiffeners of panels with thelr longer sides a curved
(or with equal sides), For this case, shown in figure 3a,
the gtability ccndition is
- "VA e
m= j2Afay /a0
8nSa + 815h + sg5g = § = | —_— + TDid ]
aSa gSg » LECie1 \mn, i i_ (7a)
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where

8
S o ¢ (ﬁ) , a= L (f = for cylinder) (8)
. a, 2nrt B

and A = 1 for cylinders and is given by figure 5 for
panels, A  being a correction factor allowing for the
fact that, at the panel ends b the nodes must really
be vertical(instead of inclined, as shown in the figure
and as.assumed in doveloping the theory), The A4ls,

Cts, and D's aro the sheet properties previously de—
fined,- The s's, a's, c's, and d's are functions (fig,
9, or appendix, par, 114) of: 5

(which ebviecusly reprecscnts tho ratio between the half wave
lengths of the buckles in the b and a directions) and
of ¥, the tangent of the angle .made by the buckling waves
with tho sides b (fig, 3a), Tho s's, a's, and so forth,
can bo found fer any value of B and Y fror figure 9 at
the ond of this report, the use of which is oxplained in
figure 8 =2nd in the example given later.(par, 67),

3l, TFor flat panels, the radius r is infinite and honc&
a = 0, Tho right-hand side of oquation (7a) then reduces to

S(m®/A\)ID4dy,

32, Either the ratios between stresses S,, Sy, and Sg,

or all but one ef them, will be known; in any cass the
magnitude of ene of them is the desired unknewn, Every-—
thing else involved in equatien (7a) will be known except

for tho angle of tho waves, defined by ¥, and the number

ef holf waves in thee a and b directions m and n,

Those wmust be determined te make the unknown stability stress
a ninigum, The usual method ef doing this is to set the de-—
rivativos of this stress with resp:ct te ¥, m, and n

eguzl to zero and use thesc relations te eliminate ¥, m, and
n from equatien (7a),

33, However, whon sc cemplex a relatien is involvoed this
proves te be impracticrl, The enly way in which the pre-
blem can bo solved, therefore, seems to be to try various
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values of ¥, m, and n 1in equation (7a) until tho values
which maks the stabdiilty stress a minimua have been found,
This 18 ladorious but by systematizing the work, as will

be demonstrated, it 1is quite practicadle,

34, In moet prodlems Y varies dvetween 0,75 and —0,75,

and 1t is sufficient to consider tho values 0, 0,25,

+0,60, and +0,75 (adding *1 for oxtreme cages, such as

whon combinations of shear and tension aro prosont) as

in figuro 9, For cach value of m and n, thereforo,

theso four values of ¥ would be tried (tho plus and minus
values can be dealt with togethor in most of tho work) and
the smallost of tho values of stross found would be soleeted’
or, more aecuratoly, the strces would be plottod against Y
and the low point of the eurve used,

35, The numdbers m and n can be only wholo numbers, In
the easo of panels, they can have any valuo excopt zoro -
that is,

(1°panol>

Combinatione of m and n, euch as 1, 2; 1, 1; 2, 1i and
so forth, thorefore would be trled ueing larger and larger
values 2z long Aas the resulting stress decreases, but stop-
ving as goon as 1% gtarte to increase, In the case of
small panels, 1t 1s usually found that the cemdination 1,

1 gives values smnller than 1, 2 or 2, 1; 1t 1s thon un-
necessary to go any further, tho values of 1, 1 belng ac-
cepted as the answer,

36, In the case ef vory large panels, the critlical values
of m and n may be falrly lnrge and so it might take

a long tipo to reach them by studying every comdinatlion,
In some eages the approeximate numbdber cof waves will be
known by previous expoerience, Rough approxications also
rizht be used to determire the approximnte numdber —~ for
inestance, i{ can be shown that = nnd n will usually be

of the same general order of magnitude as < A gllg and
D, JF
r¢

4/3£ SLLE
v, JFF
found as simple and quick as any: the dots in filgure 4a

However, the following method will generally bve
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represent various combinations of m and n, Now in
ordor to be sure that any combinatlon gives 2 minimum
stress, the next combination in all possible directions
must givo 2 highor value of stress, Thus in figure 4D
any of tho oncircled combinations would bo critical if
tho dottod ones adjacont to it all g£ive higher strosses
than 1t does, If two such combinations are found, as
somotimes occurs, both, of course, must be evaluatod and
and the lower stress chosen,

37, To locate such critical combinations, start with tho
combination at the'origin (1,1) and try combinations along
both thoc m and n axos, continuing along ocach axis os
long as tho resulting stress decreasos, bdbut stopping Just
as soon as it starts to increase, The low point thus
found will usually be a critical point, dut to check this,
proceed from this low point at right angles to the axis
until the stress azain starts to rise, 4t the low point
thus roached, branch off again at right angles until a
"boxed in" point, such as in figure 4b, is finally reached,
This proccss might be likonod to the flow of a river 1in
rolling country — it flows along any downward path which
it moots until it arrivos at a depression without any out—
let, where it forms a lake, corresponding to our critical
point,

38, In an cxtreme case this process ﬁight involve the in-
vegtigntion, succossivoly as indicated by tho arrows, of

the ccmbinations shown by dots in figure 4c; this rosults

in the location of the two encirelcd eritical combinations,
one of which will produco the lowest stross of any possible
combination, In the case of very large panels it may pay to
skip some of the points — say by making about oqual asteps
along tho logarithmic scalo of figuro 4, frem (1,1) to (2, 1)
to (4, 1) to (8, 1) to (1€, 1), and so forth,— until tho low
point has becn approximately locnted, Practical problems
will probably ncvor requiroc as complicated a scarch as that
shown in figure 4e, Most problems will roquirec invostigrtion
of from 3 to 10 combinations, oach taking a half hour or lcss
of timo, to dotermino all critical combinations of comprcs—
sion and shoar for a givon panel,

39, In the casoc of a complete cylinder, if a 18 taken as
the circumference (n = 2nr), the number m must bo even,
and can bo zero, That is, for this ecnso

2, 4, 6,..5 n=1, 2, 3d,,, ’ (1ocy1)
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rof ‘the casé when m =.0 (which represénts buckling into
a symmetrical - lhape ‘like a sylphon bellows), -the following
limple solution can ba used. : ) B

.l.'- . - n:ﬁ l-—..LA :
Py iatcallt I % at v C,D

Ir -

S 3“a %
Then if ’ : Lo f1LY
e . a2 -3
a“A
n <1, sb—s_-—"--pi.n;
. C4 b .
while if . =

" -
For other values of m the same procedure as for panols
must be used, trying various combinations of m and n
such 'ag 2,. 23 2, 1l; 4, 1; and so forth,as previously dis—
cussed,. A0 .

CASE B

v

40, Ig_mg_l__ugnmniiunnw_m%n cls with their
shorter sides b _curved;— For this caso figure 3b should
be followed, Otherwise the only chango from the procedure
describod for case A 1s that By, Bz... &nd b Bovivw

mu«t be substituted for 51- Agee. 2nd 8,, 32"" Equn—

tion 7ay— therefore, changes to

B * [5B;by (: R :l
8a5a + 8pHSp + 8gSe = § - [——-—— - 4+ ¥D3d (vb‘
aSa bSb sSg " 20,0, n) 1dy

- ,CASES A4 4¥D B' .

41, For_ bduckling across gstiffener

— It is mecessary to coacid

er not only the nossibility of ducklins of the panels between
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stiffeners, but also the possibility of duckles occurring
acroes both longitudinal and circumferential stiffeners,
This is most likely to occur under a compressive stroes
in the direction of the stiffeners, but it can also occur
under any type of stross, and is frequently tho condition
determining the design of the etiffener,

42, The treatment of theee problems is the same as for
cagses A and B with the following exceptions: For buckling
across stiffeners which run in the direction of sides a:
Instead of studying various combinations of m =1, 2, 3,svv
with n =1, 2, 3,...,,take n =1 and study combinations

of m=1, 2, 3,,55 wita b = 2b), 3b'!, adt,...,

bt being the spacing of the stiffeners, Then take A = 1,
and substitute

Ea'A
<1+ 2 a')sa
Egtd!

for 8§z and add
4Eq 'Ag!
€tb?
to the previous expression for "}

2, = z z
ha"/pa "‘Ea'Aa'Pa

Ep'Ay! et>v
Egtwy

1+

to the previous expression for D,

ﬂ"".;n,'Ja'
et S

to the previous expression for D,

43, For the casc of simple etiffeners (made of one material)
Eu' is the comproessive modulus of elaeticity of the stiff-
cncr material in the direction of ite length, For wood, it
nay be takon about 5 percont greater than the bending modulus
e£iven in reference 1 (p, 14) since the modulus of wood in
comprzeelon is probably higher than in teneion or bonding,

as previouely montioned,
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44, The effectivo compressive modulur of the panel 1
tho direction of sido a 1s E,, kethods of dotermlnins
it are discussed lator in thils =sectlon,

45, The cross sectional area of tho stiffonor alone is
Ayt whilo h, 1s the dlstance from the center of gravit
of the stiffener alone to the mlddle surface of the pn

pag 1s the radius of gyration of the stlffensr alone abec
its centroidal axls parallel to tha panel; w, is t
"effective width" of panel which ecan be consldered to cot
with the stiffener in bendinsg (not to be confused with ot
kinds of effective widths), and may be takon as

Wy = B!

wo = a9
b

whichever 1s the snnllor,

46, The tersional stiffnoss of the stlffaner combined with
any portion of the sheet whlich may form with the stiffonor
a tutular soctlon 1s deanoted with G,'Jat; 1t can be com—
put by standari methods of mochanies, for oxample, s
rsference 4, part I (p. 270) and nart II (p, 277},

47, Bullt-up stiffeners, mado of more than one watorinl, o
first be converted to vqulvalent simplo stiffeners, or if
proferred the quantities Eptag!, B ta,'p,” ani G, 'J 1!
can be takon as tho total loasitudinal, b irg aand torai
stiffresses of the corplate stiffoner,

Fe

43, Tor buskliaer anecross st snors wa'eh ruan in
tion of ailders Dd: Talzo ’ stuly ¢ ir
1 o+ 1, 2, 3,... wilth a = al, 4at,.., wl
th spicing of thes stiffo ] Also tazxa A =
8 titut

- r . 2 ¥
-~ ~ n

1 on (a
term of equation (12,
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Eyt
(1 + —E—ﬁhg) Sy
Eytat

for Sy and add

4Ep tAp!

ctal

to the previous exprossion for N
e 2 e a
by /on \ T Ep'Ap'op

MRV R
Eytwy

to the provious expression for Dg

n° Gy Tyt
ctsa'

to the provious exprossion for D,

whoros

hd
whichever is the smallor,

and tho other quantities havo similar definitions to those
moentioned above, merely interchanging a and b,

49, To study the possibility of buckles orossing both the
longitudinal and transvorse stiffeners, combino the abovs

changos, That 1s, tako m = n = 1 and study combinations
of a = 2a', Za', 4al' vy with b = 2b!, 3D, 4b! er

and meko all tho substitutions of cqu#tions (12) and (13)

(edding both terms to D,),

*Use N without the added term of equation (13),
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50, The valuos of S, and 'Sy obtained by this method
arc, as beforo, the stresscs 'in tho sheet vhen buckling
occurs, The corrosponding stressos in the stiffoners,
deslignnted by Sp! and Sp!, of coursc would be, re-~
spectively, E,'/E, and Ey!/Ep tipes as great,

51, Values of E, and E, for 0° and 90° plywoed are
given in refercnce 1 (p, 41), kotorinls 1liko 45° plywoed
are vory sensitive to the amcunt of restranint agninst
lateral oxpansion or centractien (sny to stiffeners running
in the 1lnternl directicn), Methods for calculating the
offective modull of plywcod under varicus conditions are
givon in reforence 1, It can bo shown that for ordinary
45° plywoods, assuming thot the laternl stiffenors have

tho sane effect as 1f thelr nrca were uniformly distri—
butod

¢
E, = ; (14)
a S
i e 4 GfiF (1/g — Q/AB)

4€tal
1/g + Q/AB + ———ee

By lAyp!

with the sane fornule for Iy eoxcept that a and b are
intorchanged (in the last sub—fraction),

52, In all the foregoing erleulntione the same rules must
bo followod as for ceses A and B, that 1s, the symbols =&
and b are to be used soc that »~ > b, ond figure 3a and
equation (7a) are to be fellowed whon a 1is tho curved
sido, while flgure 3b and cquntien (7b) are to bo followed
wher b 1s the curved side,

CONSICERATION OF EDGE FIXITY .

53, The most importont offcets of edgo fixity along tho
sidocs =~ con be considored by simply multiplying D, by

+ Rl 8,\? L K, + ﬂan"J“"bma .
g = (?____n__,_> , Wwhere 4, = = (15n)

3 =
1 + Bg . Dyet™ n”n
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A, 48 a neasure of-the fixity of the sides o and has

a value of zero for hinged edges and infinity for fixed
edges, which vould give values of A, of 1 and (1+ 1/n)a
respectively, Tor intermedicote rixities, tho approximate
fornulas of equation (15a) can be usead,

64, 1In thele-expreusions GalJa" 1s the torsional stiff-
ness of the stiffener or other member to which the panel
is attachod along each.side &a, A measuro of any distri-
buted elastic resistanco to rotation which may bde present
along oach-side a 1is denoted by Kg, measurod as the
olastic resisting moment per radian of rotation, per unit
length of the edge, Such a distributed elastic resistanco
might be producod, for instance, by closely spacod wing
rib members running between the edges a and the other
foce of the wing; for such a case K, could be taken as
threce times the bonding stiffness of each cross member,
divided by their longth und by their spacing,

55, The value of Aa given by equation (152) is for tho
casc when each odgo mombor separatus and is attached to
two similar and sinilarly loadod panels; if the member is
attachod to only ono panel, then twice tho abovo value
should be used, If the two ocigas a of the panel have
difforent tixities, then. A, may be taken as the average
of its values for each of tho two edgos, :

66, Similarly, to consider the edge fixity along side b
multiply D, by

1 + Ay ’ D

1 4+ Bl Ky + 1 nry."an?
a, =( ..u.._‘l . whore &, = —L “%y "y (151)

3 -3
3 € t° bem

Tho various quantities involved have siuilar definitions
to those of oquation (15a), merely interchanging 1 and 2,
a and b, and m and n, '

657, To considor edgo fixities along both sides a and b
coubine the above changes,

SPECIAL CASE CF COMPRESSIVE LCADING OF SYMWETRICAL STRUCTURES

68, The foregoing methods'simplify a groat deal when applied
to certain special cases, Cne of the most conmmon of such
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cases is that of conpreseive loading of cylinders or

panels having a principal elastic axis in the diroction
of tho oompression, for example, 0° or 90° plywood with
or without longitudinal and circunferentlial stiffeners,

59, TYor this case Y = 0O from symmetry, and hence

A =1, and caees A and B become identical except for
differences in eymbols, Using the symbols of case A
(fig, 3a), but now without any limitation that & must
be greater than b, 1t le found (from equation (7al)

by dropping the term 0,03p D,, which is not required and
has negligible effect in this case) that:

2 .
t A a 2 2 Snrtm

By's L6 2 + (D, +D +D, )—-—--q'(m

" onr [cla=+c:/aa+c‘ 2nrtm? (D,p740a/0 " a®

60, If the conditions for minimizing the buckling strces
aro set up: namely, 05p/3B® = 3Sp/dm® = 0, thoy can bo
eolved in this caso, and thc following can bo obtained ae
tho valuos which m, n, and f would havo if m and n
did not have to bo integors:

g% u 3Dy = 0308 f/G3D; = clna>e , C3Ds = CuDy

T e e e——— =
C,Dy — 04D, \¢,D, = ©.D, €Dy — C,D,

2

(rrf
3 _ 8 As i

= = int2= 'b —m 18
2 (C,B'4C5/B1B+0,) (D, B1=+D /B 124D aspre

The buckling stress Sy can then be obtained from equation
(16) by taking m and n ns the integerc {such ae given
in equatione (10) pars, 35,and 39) which are neareet to

the values of m'!', n' glven by equation (17), and taking
B = bm/an,

EXAMPLE

€1, The foregoing deecription of the method of applying
this theory doudtless gives an impression of great com—
plexity, a good deal of which le ascribable to the effort:
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tokeep it as goneral ae possible, To'clarify the method
and ehow that it le practical to apply, a typical problem
involving a medium eized plywood panel ie completely worked
out in the following, Figure 10 ehowe the detaile of the
conetruction, Ueing equations (2) (par, 16) and reference 1
(pp. 14 and 18) it ie found for quarter eliced mehogany that

® = 1,10 X 1,260,000 = 1,390,000 1b/sq in,

0,024% e.= 0,078; 1 — p®/e = 0,99 (2]
2
= 1,390, 000/0,99 = 1,400,000; g= 0,99 X 0, 049% = 0, 049

2 X 0,024—-4 X 0,049 = 0,243

€2, The quantity 1 — u®/e varies from about 0,99 for
eoft woods to about 0,97 for hard woode, and hence might

be taken ae unity for wooden construction, The numérical
calculatione involved in applying thle theory are not
critical; and eince the data will eeldom be known to closer
than a few percent, slide rule accuracy, with no more than
throe significant figuree retained, is all that ie required
or Juetified in theee calculatione,

From equatione (3);

A= (1 - 0,646 + 0,156) + 0,078 (0,646— 0,156) = 0,548
B= 0078 (1~ 0,646 + 0,156) + (0,646~ 0,156) = 0,530 (5]
C=(1- 0,646+ 0,156 )+ 0,078 (0,646 *— 0,156" ) = 0, 756
D

0,078 (1— 0,646 + 0.156%) + (0,646> — 0,156 ) = 0,322

BUCKLIKNG BETWEEX STIFFENERS

€3, Tor buckling of tho panecl between stiffenere, einco
the curved side 1e the ehortor, case B, ae shown in

*This value of Gpp/E; given in reference 1 (p. 18) ie

used hero for.cona?stency. It ehould bo mentioned, however,’
that thero is evidence that it should really be 20 to 30
percent highor, Thie would coneiderably change some of tho
following computatione,, .
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-'figure 10e.1s useéd, .Since 8 = 45° cquationS (4,,0)
{par, ?¢)“§Eu pp-us?d : ; :
Cn - N= 1..079'-4 0,243 = 1,32; X =T w 0

P = 1,078 — 0,243 + 4 X 0,024 = 0,03

Q= 1,078 =2 %:0,024 = 1,03 . (4]
Dy =Dy = Dy = 0,20 (1.078 + 0.243) = 0,273

Dy= 1,28 % .1,078 — 0,41 X 0,243 = 1,35

Dg = D, = 0,41 (0,756 ~.0,322) = 0,178

From ecquations (5) (par. 25),
2, = {1.32° = 0.93%) 1,03 = 0,90
B, = (1,32° - 0,05% + 1.037) 1.32 =_3.55: By = 1.32°x1, 03
e 2705 - . [s]

' e
Oy=C3 = 1,32 x 1,03 = 1,365 C,=(0,93+ 1,03) =3,84

- n

&

Ce = 1,32° = 0,93° = 2 X 0,03 x 1,03 = =1,04 -

From ogquatione (8) (par, 30) and figure 100,

a = 143 b = 123 b/ a = 0,83 r 5 30; t = 0,19

5 = 1,400,000 (.0,19/14)% = 260 1¥/sq in, : [8]

14 x 12

_————————— = 4,7

2n30 x 0,19

64, Edge fixity and the corroction factors K, and K,

noed not nececssarily be considered in a prcblem.such as

this, but will be hero for completoness and te illustratu
thoir effect. Coneldering equations (1l5a,b)(pars, 53 and

57) and the necompanyine discussion, since there aro no

cross mombars'in this construction, Ky = Kyy = 0, The shear
stiffnoss of Douglas fir, from reforonce 1 (pp. 14 and 18)

is npproxlimately 0,06 X 1,700,000 & 102, 000 pounds per sgunrc
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inch, while that of 1/1€ 45° plywood will be nearly the
same as for the panel skin, which is Qe¢/4 = 1,03 x
1400000/4 = 360,000 pounds per square inch, approximately,

65, Then, from reference 4 (pt. I, p., 270) the torsional
stiffness of each longitudinal stiffener is
) 3
Go"J," =[hy/6 = Bbe>6] = 0,22°x 0,875 x 0,438" x 102,000 =
1710 1b in® (1)

(the notation in the brackete is that of the reference),

From roference 4 (pt, II, p, 2792) that of the circumfer—
ential stiffeners is

2
4(2 x 0,69)
2 x3 . 2 x 0,69
360000 x 0,063 102000x 0,44

Gpidp”

= 58,000 1b in®

and frem equations (15a, D)

= ]
m X 1710 x 12 m

0,273 x 1400000 X 0,193 x 14

n® x 57600 x 14 n®
0.273 X 1400000 X 0,193 x 12%n

£6, The soluticn of the stability oquation (7b) (par, 40)
iz moet convenliontly carriedi out in the tadular form of
tadle I, and to suvo time as much as poseible of the table
1s filled in at one time, Each column of the table repro-
sonts a eolution of the oquation for ocne combination of m,
n, and ¥, The quantities in the different rows are de—
fined at the left of the tadble, so that the table ie nearly

eelf-explaratory, Howover, discussion of eome points is
advisablo, '
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7« The charts of figure 9 (ses back-cover pocket) can

8 ugsd net only to othin the -a's, bls, s's, and so
forth, but owing to thoir logarithmic taaia products
nnch as d,a,, Bxbs, and so forth, and quotionts such
a8 PEe"/8,, “Sa"/sb,' and 8o torth aro obtained di-
ructly from thsm, Proper usc of these charts groatly
facilitates tho work, and contributes more than anything
elee to make this method usable,
68.‘ L sliding scale must firet be constructed, by aimply
cutting out the paper ecale at the right of figuro 9, and
cemontin» to 1t a pleco of heavy cardboard (such as uaod
to beok up pads of paper) as shown by the dotted lines on
the scalo end by figurc 3a,

89. Ads 1ndicated, the scalo must Ve cut accurately along
tho lino PP, and the sido of the cardboard opposite PP
must bo stroight and pernllel to PP, The hole in the
cardboard indicated in the figure helps to grip it for
sliding it, as shown 1n figure 8b, -A non—-aqueous coment,
such as. rubbor comont or the common "watorproof® cemonts
should be uscd; or else only the corners of the scale
comonted, 80 as not. to-dietort the scale,

70, WNext, sproad flzure 9 on a flnt surface and edjust

tho scals on it so that one of the vertical axes of figure
9, say the one farthest to the left, 1s at the desired val-
ue of £, at doth the top and bottom of the scale, udow,
holding ths scals firply in this position with the left
hand, place a triansgle against the right side of the scals
and a welght on top of it, as shown in figure 8a, The
scale can now be moved up and down as desirsd, and will

be propsrly sot for this value of B for all the charts
havin: the same vertical axis,

71. Now. 'to find or bz, for example, slido the
ecalo until the horizontal axis of the corresponding chart
is opposito 1 on the sealo, Then read the valuee of ay
or Db, on the scalo (at the intersection with the desiroed
Y ‘curve) as shown in figure 8b, It is a good idea to
chock L few_rendings at this point using the roiation

. F 32, Ap aceuracy of within a fuw percent is
"atl that can be expocted with such paper scaleg, bdut as

' ezplained vofore this i1s suffiecfent for tho purposo, It
is uscluss .to try to read the sealo cloger than to two

or threo’ aipnificant figuros that is, to within 1 or 2
‘purecont, - .
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73, Products such as 4A,;a, are obtained in exactly

the same way, except that instead of setting the hori-
sontal axisg of the chart at the point 1 on the soale,
it is set at the value of A, on the scale, The scale
readings at the intersections with the curves are then
the corresponding values of 4,a,, as shown in figure B8c,
All values of Y .are taken care of at one setting,

.73. In this manner, ‘the rows y» Bgbp, Basbs, Cpee,
of the-table are fil&eé in before moving the

iding ecale to another vertical axls, The scale 1is
limilarly addusted on the second vertical axis to obtain
(AgD ), 1.36(c, + c¢3) and 0,178 (ds + de), and on the
third to odtain b;d; (these figures are good for all values
of B). Finally, 1t 1s moved to the last axis, and OC,c,
and D,d, are taken care of,

74, After completing the various intermediate operations

in the table, which are clearly indicated, the values 8§+ g
and 8§~ are obtained, representing the right hand side, .
of equation 7b.for positive and negative values of Y, -
respectively, The last five rows of the table, which '
represent various stress combinations causing dbuckling,

can then be filled in with the last setting of the scale,

on the fourth axis, This involves division, which is

carried out as before, except that the roles of the hori—

sontal axls of the chart and its ¥ curves are inter—

changcd, For example, to obtain S+/sg; the value of S5+

is sot at the desired Y curve on the 8y chart and the

quotient Sf/ss = B3 45 read at the horizontal axis, as

shown in figure 84,

76, Ordinarily the positive shear (in the direction in—
dicated in figs, 3a, b) required to buckle the panel is
obtained from S+, and the shear in the nogative or op-—
posite direction required to produce buckling would be
found from S-, The reverse 1s true in the present prob—
lem because the direction of the shear in figure 10e is
opposite to the standard direction, The critical compres—~
sion is always obtained from S+ or S5—, whichevar is
the smaller,

76, Having filled 1in the table for each combination of
m and n, the smallest values of the strosses in cach of
the 1last five rows are encircled, as shown, and the encir-—
cled, as shown, and the encircled values are plotted as
shown in figure 1lla, 4 smooth curve drawn through these
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five points then gives a graph showlur all combinatlons

of conpressive end shear strcsscs which can produce dhuckles
b2 the shape specified by thils comblnation of m and n
(minimized as far as the angle ¥ ig concerned),

77« Such graphs sre arawn for each combination of m a.d
n apd further combinations are investigated as long as any
part of the new graphs cgme ingide those already drawn,
stopping as soon as all parts of the new graph come out—
side those already drawn, This is in accordance with tiae
previous discussion (par, 37) but by comparing such graphs
instead of individual stresses, the minipum valuealgf all
combinations of stress which will produce bucklinghsimul-
taneously obtalned, In the present case, this proceduro
results in figure 11b, and the minimum stress combinations
are evldently given by the irregular heavy line, consisting
of part of the 3, 1 graph and part of the 2, 1 graph,

78, It might be well to go back now to get a little more
accurate values for the critical stress combinations shown
circled in figure 11b, by plotting the stresses against the
different values of Y and solecting the lowest point of
- the resulting curve, instead of merely plcking the smallest
- 0f the stresses found for any of the ¥'s Iinvestigated,

Such a plot is shown in filgure lle,.for the point doudly
encircled in figure 1llb, This is an unnccecssary refine-—
ment for most practical cases,

79, The stress combinations causing buckling under per—
fect conditlons having beon fcurd, the factors K, and

K, will be applled to determine thepractical bduckling
stress combinationg, (See fiss, € and 7,) The material
strength of plywood such as this, in directions 45° to

the grailn (which must be known to determine KX,;), 1s not
very well establishod, However, the following values,
estimated from various sources, should not be greatly in
error, and will sorve at any rato to illustrate tho nothod:
shear, 34003 compression 2Z00; and combination of equal
shenr and compression, 2000 nounds per squarc inch ench,
The deterninntion and appliccotion of E, and X, ~nnd

tho final results for buckling of the panel butween stiff—
eners, are summarized in table II, "Good constructionl is
agsumed; thls category ic intended to include all aircraft
construotion, The values of Foract stab: the stress com—
binatlions which are likely to produce buckling between
stiffeners in practical construction, are also plotted and
connected with a dotted line in figure 11b,
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‘805 . The abdility of the panel to eupport more shear strese
in one “favorable®™ direction than in the othor, evidenced
by the lack of symmetry adbout the horizontal axis of the
eurves of figuro 11, is due to lte greater bending etiff—
nees in the diraction of the face grain than in the perpen—
dicular diroction, To eliminate this uneymmetrical behav—
ior, i1t 18 necessary that C = D,

81, It ie of intereet that both ths condition C = D and
.tho condition A = B (which insures a balanced plywood

as far as exteneional etrength and etiffneee 1s concernod)
can be eatisficd by two unknowne, euch me t, and t; 1in
& five-ply plywood, Ueing equation 3 (par, 17) in these
conditions it is found that t, = 0,81 and t_, = 0,31,
That 1s, both extensional and bending balance.ie obtalned
in a five-ply plywood having 9,5 percent of ite thickneee
in the outer pliee, 25 percent in the intermediate pliee,
and 31 percent in the core, It can be shown that such a
plywood would have about the same properties as the theo—
retical plywood having an infinite numbder of infiniteeimal
plies laid alternately at right angles to each other,

BUCKLING ACROSS STIFFENERS

82, Owing to the depth of the circumferential stiffeners,
or bulkheade, there ie no danger of buckling across they,
but the possibility of duokling across the smaller longi-
tudinal stiffeners must be considered, Since the curved
side of the "panel™ for euch dbuckling would be two or
more timee 12 inchee, and hence longer than the l4—inch
straight eide, ae shown in figure 10f, the caee A' muet

be used, The meaninge of a and b are revereed from
what they were beforo, a now boing in the circumferen-.-
tial dirvction and b in the longitudinal, ae ehown,

B3, Thec etiffenere wcross which buckling may occur run
in the dircction b; hence oquations (13) and (13!)
(par, 48) and the discussions accompanying them are
ueed, Thon

#Standard 46° plywoods have the maximum buckling etrength
in ehear when the face. grain 1s in the direction of the
diagonal compression
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A n =1, 2,,.03 At = 123 b = 143 r = 30; t = Q.19

2.%12, 3 x 12,.., = 24,36,,.: b = 14; b/a = 14/a

1,400,600 (0,19/n)“= 50000/a% (equation (), par, 30)

14 & p 5

- ——— = 0,395n

2130 .x 0,19

-

E TA, ! = (1,05 x 1,700,000)(2x 0,438 x 0,70) = 1,090,000 1b,
bR roughly

BytAy! = (1,06.x 1,700, 000)( 0,875 X 0,438) = €683, 000 1b

4 X 1400000

Eb = - - e i oy
(20,4 - 3,58)
4 X 1400000 x 0,19 X 14

20,4 + 3,55 +

1020000

442,000 1%/1n,%(equation(l4) par, 31)
GH"JP" =.57,600 1t in,¥(equation{3) par, €5)
010y = Gp"Jy" = 1710 1t.i2,“(cquation(A) per, €5)

Pp.= 0.875/+12.= 0,25

hy'= (0,575 + 0.10)/2 = 0
O [~
L g e 1o (cquation {131 ) (par, 43)— this is alwaye
1,32 n lese than a1)

t + pp = 0,12 4+ 0,25 = 0,44 ir, (Bee fig, 7,)

ko Irow figure 10f, the angle of the face grair with the
side b is now —45% insterd of 45°, The only effect of
this 1s te chnnge the sign of X, ¥, Dy, and D¢ in equu-
tion (4) cr (4;.0;(par, 24¢), The changes epecified in
equnrtien (13) (prr, 4E&) must rleo be mrde, TFreoxm cquations
( nd (12) 1t is ecer that
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683000 .
1+ A —— Sp=1,87 Sy is substituted sgp Sy, and
342000 x 0.19.x 12

4 x 683000
N = 1,324+ " -
1400000x 0,10 x 12

1,32+ 0,87 = 2,

' (0.53/0,25)% \ . 7° 683000x 0,252
0.273 + [1 . . —

————

1+ 683000 n 1400000x 0,193 x 13

——

342000% 0,15 10,4

4.4 )

——————

1+ 0,07 n/

/ :
0.273 + {1 4 3.7= 12,5, 9,9 for = 1, 2

2
nT 1710
1,28 + T 17

———

TR = 1,23 4 0,15 = 1,38
1400000 x 0.19% x 1p

1,32; P = 0.93; Q= 1,03; X = Y =9
D, = p, De = —0,174 (equation (4], par, 63)

The large increase in D,
Tepresents the greatly iner
e8s in the direction of th

is to be ex
eesed averg
e stiffener

Fronm €quations (5) (par, 25)

= 1.32 x 1,032 = 1.40; 4, = 0.93% x 1,03 = o, gg

Al

435 = (1.32 x 2,00 _ 0.93%) 1,03 = 1,05
cl

c-i

[5]
= 1,36; cs = 2,83 ag before; ca = 2,00 x 1, 03 = 2,15

1.32x 2, 00 _ 0.932 _ o 0,93 «x 1.03 = o

Frow equatiop (15a) (par,

53) and the above valyeg
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n° 57600 x 14 830

ba = Tt [15]

3 B
D. 1400000 x 0.19° n a2 5, D

&

85, With the fcrugnlu¢:lunluea, table II1 ean readily pe

filleqd in, in the SAKe way as table I, The results are

Plotted to determine the winigup theoretica Stresges

in figyr 2 in the Same way gg figure 11, Finally, the
factors K, and K, are calculated, ang

Tasults fopr both huuklin; between and across stifre

are Summarized ip table IV, and by the dotted line.,

figure 12,

Structurgsg Dapartmeut,
Chance Vought Aircraft,
Sttatford, Conn,
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APPENDIX

DEVELOPKENT oF THEORY

game ag
sional stability op igot

87+ Pigures 13a showg the notation used for cage 4, Axes
Xa and xp are in the niddle ‘eurface of the eheet ip
the direction of gides and p,

ctions ig designated by u,
h corresponding subscripts, and’ the displacement normal
to the ehoot (radially outward) by w,

83, Quantitieg €» €g, and ‘aa are the direct ang shear—

ing unit streing, ang Ko, kg, Kaf tho curvatures ana
Bhgle of twigt gp the a ang <] directions, Loy
fg, fop ; Bag

internny force mente per up nin
the face Plies of o Plywood Other nota-
tion is gag used before, (geo i beginning of this
report,) e .t

89, Then, from Hookotg law, (ascuming rotary cut plies)

1 Lo 13 1 (IE rm>'
€a = 7o (2% _ Pepom s - =2 )
(1<) (EL T 3,0 <8 (1-t,)t \zp ~ M1 g

raﬁ
& ———lE - (18)

€ =
(1-t,)¢ Grp

af

similnrly, uging elomentnry plate theory

) A
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12 ., CEENE - 3 m 2o
K = = (B g HI (—ﬂ—p, H
o (1~t, %)¢3 (?L ke g 5 Ep LT 5/’

- (151)

From the recipr cal thes v 4t can be
‘sseumed that ER o G, : i 2 '
e > LBy = Bralp, or ppg . WerEL/Ep = ufe (19)
From ';pl'la..t'e ;t.;h.eor..y; the 1nterna1 strain energy 1rg the feace
'bliée.is: la s E : b ik o ;

S 1. . / ! S ;
Veace Plieg = ; f f(fa.‘a * fBEB +.fu,sea.e + ok o+ makg

.
0

* ?maaz‘aa> dxgdxg .. (20)
o ’-- . " * .

By using fauation (19) and vajyeg °f f£...., Boees  found

by . solving equations (1g) and’'(181), i, equ'ation_.(ao)

. H et . . .
yface pliesg = ‘a“ff [(l'tl)(faa"' eee“+8u.€a!5'+ gﬁaﬁa)

3 ' . (zo1)
t ( 3 & = 2
+ 15 (1-t, Yk~ + erg 4+ Cuk g + 4er55") dx,dxg
BY ‘making similay calculationg of the strain enersy in the

other Plies, ang 'ndding, the totaj internay etrain ener gy
°f the sheet is foung to be .

. €t r F] 2 2\
V= -?'/"'/ L(Ata + BEB + 2u€a€B + gEaB \/
: e (21)

t® .7
| dx“de

2 2 . &
+ 1—2 (CKQ_ + DKB + 2”'"0."5 + 4g Ka.B )
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where 4, B3, C, D wigg be foung to haye the vajyee &lven
in equation (g3 r (3,), and 80 forty, (pare, 1?7 ana 13)
for the kindg and arrangements °f pliee described.

(34)

ngntitiPQ 3By, Bg  ang Bug  are the eXtensionay stifr.

Nagseg gr the.sheet in itg principnl elagtie directions,
and the sheap 8tiffnegg (the forcesg 2er unit length of
Section Tequireq to aroduce unit strains); bqp and kg
arg, Tespectivey E tho g .3
Teetion t, str € on force i
he

dToduece y
Hga! are the ratio
diraction to the c
Y a Roment i the
€ to bde uUsed 3
¥ equatioy (21),
ep_+ 4g fer calculnting Dl;,

P A21) ean po integrated.or combingg
the exténsional and flexuray Straing
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must Ve converted to strairs in the direction of the
panel 'sides a and b, TFrom figuro 13b, the following
relation obvibusly exists between the coordinates and
the dieplacements in the a,b and in the «,B direc—
tione:

Xa =1xq”ain 9 — xg cos 83 Xy = X, cos 8 + Xg sin 8

(22)

Uy = Uy sin 9 — ug cos 85 Uy = u, cos 8 + ug sin @

02, Difforéntinting these equations with respect to x4
and xg

ox
= gin 9; o % cos 03

o,

=Ell-qsin9_£g.§c°5

[« exg

Ta-‘-IEH-a—ug' sin O—EE-E co8 0} ——— =2 a—=
OXB axs BIE txg axﬂ

From the theory of partial derivatives

Eub'axn + duyp oxyp

—

Ougy _ duph 8xa - dup cuy _

GXa bXA axa BXb g axa axa axa 23Xy axa
ou, oxp o lu, 2 _ Bup 3y Emy ixmy (25)

0xp dxg  Txy ¢X, txg  Oxy Oxp

Substituting values of 9dxg/Pxg... and Jua/Pxg... fLrom
equations (23) and (24) into equation (25) .and solving the
resulting four equations for oug/oxg, dup/oxpg and
(duy/oexg + dug/ex,) 1t 1s found that
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Sug = 2ua ein2 g , SUp coss g4 (Cua + ?E3> 8in g cog ¢
ox,, ox, exy, Sxy ox,

) i S . e
Seape 2up sin® g 4 CMa cos® g_ (Cua 2B o4y 9cosg (25)
ixg oxy ox, : \0xy o 3x i

\ . <
(—b-u-‘-"+ Eﬁ): (—ckﬂ am’)(s:lrx2 8=~ cog 8)+ Bk&b—ﬂé 8in gcog g

oxp txqy oxyp ox, oxy 0x,

93, The eurvaturs of the sheet in the ¢ and g direc—
tiong is, frop the theory of conie Sectiong

= £os® g

aing in tye
8 of the diéplacements,

Sup, ‘tua dup)
£ = (22 _ owp
€a B .ad ¢xy  3x,/

¥ sin ¢
r

A sin 9 cop ]

comes frop the
t such ag in
while the di.
curvature.
gonalsg undergo




26 NACA Technicnl Note No. 918

different atrains owing to the curvature; this can cagily
be shown to-result in the shear strain given,

24, Substituting values of ¢ua/exa.,.. and 2Bua/EXge..
from equations (28) and (29) into equation (26) the re—
lation between extensional strains in the a,b and a,B
directions. is obtained:

‘e =€

a A aina 0 + €y cos® g + €qp 81n 0 cos B

€g = €y 8in® 0 + €, cos® 8 — €,y 8in 8 cos O (30)
€ap = €ap(8in® 8 — cos® 8) + 2(€y — €,)sin 6 cos ©

95. To obtain a similar relation for the flexural straias,
the theory of partial derivatives glves the relations

5 2 .2 2 .
R 2w sexa\®  ow (6% , v bxa @y
~ = — - (=) «+ i
exq”  oxp® \ox,/ oxp® \ixq, EXalxy Lxg xq

0w 38w <bxa\a b SRw (Exb % . bW REx, dXy

a0 S (s ———) + 2T B D gy
txg® oxg® bxp/ txp? \exg txgUXy oxg oxp (31)
2 .= 2 ) .2 .
" w ) ew ox, ax£+ 27w Bxy txy Lo <cxb ox,
0xgtXp 0Xp" ¥Xy Ixp LxpE ExXg OXp  0Xna0Xp \oX, EXp
exy OX
+ =8 ﬁ.E)
bxa (,xs

From shell theory the curvature and unit twists in the
a,db and a,p directions are

K o oW, . 8w " o%w (

a =T =3 = - # ; = —— 3')
oxn® b e ad " Fxpexp 2)
~ & P -1 - &

o QUM C W O W
Ka = =i Rg = - =3 Kﬂﬂ s L (33)
X uxs mecxs
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By use of thess expressdons for.. O w/bxaa... and equa—
tion (23) in equation {31) the relations bstweon the
flexural strains in the a,b and a,B directions are
obtainsd, o g

Ko = % 8in% 8 + %y co8® 0 + 2 K,y "sla 8 cos 8

Kg =, %y ein® o + Ka cos® 8 = 2 Kop 8in 8 cos 8

, X (34)
Kaa L (8in® 8 — cos® 8) + (%, — %.,) sin@ cos @

96, Now substituting equations (?0) and (34) into the
strain energy expression (”1), the following is obtainsd

YV oz o [[ {1/4 [Mca + Nep® + 2Pepep + Qeap® + 2X€peqy

t 2 2
i “Yeaneab1+;t |D,_ K; +Dy%p + D Kpkp+ (D=D, )kap
b - .

T
+ 2DgKpKgp + zncuaudb!} dxpdxy (25)

w were K, X,..,, D + Czes. have the valuezglven in equetion
(4) (par, 24) and Dy 1s a sipllar sxprsssion which can—

cels out later, Since only a uniform rotation of axes is
involved the elemental arsa dxadxp can be substituted

directly for dxgdxg,
27, ZIrom shell theory the externnl loads, represented hy

the stresses S,, Sy, and S; on the edses of the sheet,
do the work

bR 4]
+ ) /. - \
= fs 4 5y (?3L> PETN AN ]lx dxy
2 oxy Cxg Xy

(3c)
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The work done by the prossure S,t/r (fiz, 3a), if this
is present (thers would bs nuoh n pressure in an appli-
cation such ae a submarine hull, for ecxample), will
practically cancael if thsre are many waves in a panel,
or many connected panels as in semimenocoque ccnstruc-
tions it ie the accompanying tangential compression

S, which 1s important for bduckling, :

98, In studying the caso of buckling across stlzgggers
it is assumed for elmplicity that their effect is tho
same as if their bending, extensional, and torsional
stiffnees were uniformly distridbuted over ths sheet, It
can be shown that, for tho sinusoidal doformation assumed,
this givoe no error when the slopo of the waves, Y |is
zero, and only a small orror for the angles involved in
ordinary prodlems, Considor first the ecaro of stiffoners
running in the a diroction, Tho extra strain encrgy

of éxtonsion, bending and torsien owing to the presenco
of the stiffeners is

ald Eatlnat Gt Tzt =\
v""ff n Sna+ A" *a X 2+ a *a Ka'b‘/ dxadxb(s

bt bt

where I," is the moment of inertia, about their combined
center of gravity, of the stiffener and effeetive width

of sheet acting with it in bsading, minus the moment of
inertia of the effective width alone, The enorgy assc~
cinted with the latter has already beean considered in
equation (35), and by omitting it he.e, cquation (37)
repreeents only encrgy sdditicnal ¢s equatior (3§)

99, In figure 14, taking roments about the center of
sravity of the combinatien

Eqthp' 8 = Ep t wy !ha - 8)

; ( - 8)® 14 1 (B= 2)
t w, (h, )2+ E AL (8% + po®)

Elirinating 3 en cquatiens (28) and (Z29)
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. hg®/pa? o
. la'Ia' = ({1 + -—a—-é-‘-,-al—x—-'- EatldgtPg® (40)
' 1 4+ 28,

Ep twp

100, 1If the flange of the T-boam of figure 14 were
infinitoly wide, and all matoriels isgtropie, with,
Poissonts ratio = 0,3, thon from Karman's theory of
the effective width of wide flanged beams,{rcference 4,
vol, II, p., 57)

, dg :
a
v, !_= 2 A, = 0,363 1] = 0,363 = (41)

where [1] = a/m 4is the half wave length of the bending
deformation, S :

., 101, However, this offective width increases almost

" directly as the rolrtive shear stiffness and inversgely
ag the relative extengional stiffness of the flange (the
sheet in our case), Hence, in this caso tho offective
wildth '‘ehould be

Nu & 0,863 5 ——— - {42)

B

n 2(1 + 0.3)031) a Gab
. Ea

a

where Gap 1s the shoar modulus of the shoet in the a

and b directiorns, nnd the factor 2{1 + 0,3) reprosents
the ratio E,/G,p fer the isotropic matorisl nesumed in
oquation {41), The stiffness. of the rib (the stiffener
in this caso) does not cnter these relations — as far as
this action is concerned the rib acts merely as a means
of applying extensional strains along the middle of the
sheet, From the derivation of equation (35) it can be
seen that Qe/4 = Gy, whilo Mke/4 = Egf(i~p*/e) > E,,
It is therefore conservative to use :

.

_2af/a_ag
Ya n Me/4 mli ‘ (43)
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The rule of equation (12') follews frem this and tlo
obviecus fact that the effective width should not be
taken to exceed the distance between stiffeners 1bvf,

102, During buckling acress stiffeners there will bo
s .1
a

bt axu/
y —
Eg! Ag!' (v
= 1/2 o M T (z._> dxpdxy (4«
/ffumi1 SRR adxy (44)

103, If the energilos exproesed by equationa (37), (40),
(42), and (44) arc added to thoce of (35) and (3£), this
is obviously equivalent to making the ehanses in 5., K,
D,, rnd Dy spocified in ecquations (12) ana (121)

(pars, 42 and 4%), The chnnges specified in equations
(13) and (131), for the casc of bueckling scross stiffoners
running in the b direction, can be derived in a similar
mannor,

TNATAN
TY = 1/2 ff 5! =2 LA dxgdxy

104, If the shave of the defermotion were known, the
eondition for buekling would be siaply that the weork

done by external forces, owing te the deformation, is
oqual to tho change in internal energy, or T=1Y,

Sincc tho shapo is net known, various shancs similar to
thoso observed in experizents must de tried by the

enorgy method and the one must be selected whieh minimizes
cither the tetal encrgy change T — V or the buckling
load (reforence 6, p, 144), The displacemecnt normal to
the sheet will be nssumed to be

w =W sin mn{x, + Yxp) sip BTXDH

(45)
a

where m,n and Y are ehcsen to minimize tho buekling
load, This expressien deseribes a wave form with half

wave lengths a/m and b/n in the a and b direc—

tiona, and with nodee parallel to the a direetien and
at a slepe Y teo the b dircetion (fis, 3a), Tnis
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permits a closé approximation to the shapéds found expori-
mentally in-all the:cases covered by the theory, .

105, Ae-to boundary conditions for w, it will be as—
sumed ‘that tho nodes 6f the deformation always coincide
as closely as poesible with some stiffener, that is,

that the deformation will be as in figure 15a for buck—
‘1ing between atiffeners, and as in figure 15b for buck-—
ling across stiffemers, According to equation (45) the
nodos cannot lie exactly along stiffeners in the b
direction, but it is assumed that they do this as nearly
as possible, etraddling the stiffener as shown in figuree
8a and 16, All thie requires that m and n be whole

numbers, or that a and b be whole multiplse of a!
and bt, . -
; i

o PHE CORREGTION FACTOR A

106, Tor the case of buckling of tho panel hetween atiff-
energ, of course, tho nodo actually does lie all along
the side b, and a corrcction factor 1/A is applied .
to the buckling strees to allow for the fact that the
deformation is not exactly as described by eguation (45),

-Several trings about this factor can bo told from goneral

reasoning, It must equalunity wvhen' the slope X =0, In

‘gencral it must be greater than ono' (or A mmust be lose

‘than one) when ¥ -is different from zero, This can be

appreciated dy imagining first that the stiffeners along

.8uch as showny,

sides b ~arc romoved; the buckling stress obtained by
using esquatien (45) would be about correct for this phys—
ical case, I, now, stiffeners arc attached along those
positions and thuir gtiffness 1s incrcased until all lat—
eral displacements alcng these positions are prevented,
tho resistanco to buckling 1s obviously Lncreased.

107, This increase will evidently be larger, the 1aréer
the slope Y,  Also it seems obvious,that-tﬁere will be.
moro lncrease in a case such as. si:own at (b) figure 16
and less increase for a case such as shown ai (¢).than :
for the cass shown at (a) although Y 1s the same for
all theso' cases, There is no réason to expect cases (a)
or (e) to requiro a much difforent correction from case
(a)s however,“ét 1s rcasonable to beliecve.that a case
would require little corrcction compared

-to gasé (a), since much less readjustment in th
c 1 : e position
of nodos would bé necessitated, "All thesc and otﬁer
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..'tgommon sense® reasocnings are satisfied if 1t is assumsd
that 1/A or A is some function of the ratie te the
total area, ef the area which would have te be swapt
through in meving nedes from the positions descridbed by
equation (45) to their trus positiens (or the areas shown
shaded in figy 16), :

108, Tor the cases such as figire 16a, b,,., and e this
ratlo ls o .

'(4' x 1/2 x v/2 x b/2 ¥)/(ab) = .‘21!
a

and A ceuld be thersfore takon as a functlien of 1bY/a,
It will be found that the reductien in "adjustment areal
which is pessible in spscial cases, such as figure 161,
is very nearly cempensated for by dividing this by a
Tacter n?', plotted in figure 5a,

109, The valuss of A 1in the left half ef figure 50

wsre obtained by cemparing the present thoory with known
oorrect values fer the buckling ef an isetrepic flat panel
under gshoar, Near the middle of flgure 5b, vhern the cer—
‘rectlon ameunts te a geed deal, the curve was drava seme—
vhat highsr (that is, en the conservative sido) than this
comparison indicated, beccause ef the uncertainty involved
in using such results for ether coses, TFor small values
of bY/an! thé boundary conditien cerrection Just dis-
cussed is unimpertant, and the eppesits tsndency ef dnsrgy
methed selutions te give teo hign a value for the duckling
load becomes dominant, se that 1/A rises ¢ little abeve
unity, It comes back te unity when ¥ ana DbY/an! are,
gero, because the shape given by equation (45) thsn becomes
the exact selution,

110, TFigure 17 shews a cemparisen between results ebtained
.by using figure 5b with the present theery, and the best
known values for this case, It will bs seen that the pres—
ent theory is prebably abeut right for large values ef a/b,
which invelve use of the leftmest part of figure 5b, and is
quite conservative fer small valuss ef a/b, invelving the
use of points near the middls of figure 5D,

111, The right hand side of figure 5b was censervatively
sxtrapolated frem the already censervativs left side, re—
membering also that 1/x sheuld net become negative; 1t
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was included for completoness, dut 1t 1s not needod for
most practical problems, as the critical conditions will
bo found to lie in the left side of this figure, This
corroction factor is admittedly very rough; but as din-
dicated 1t only amounts to as much as 30 percent or so
in a few applications, and there is 1ittle doubt that at
least that much is Jjustified for such cases,

112. We must now complete our expressions for the dlg—
placement, As previously discussed, in the case of
curved shells, displacements in the plane of the sheet
must be considered es well as in the normal direction,
These will be assumed to be L

_ v mnlx, + Yxp) ., .;omxyp
u, = Uy ———.cos = sin 3

46
o b ] mix, + ¥Yxy) anx, _( )

Uy = sin cos

b . b mor a ; )

’

where the quantities U, and Uy, describing the mag—~
nitudes of these displacements, will be determined by
minimizing tho energy, Theso expressions boar tho samo
gonoral rclation to the exprossion for normal displace—
ment (equation(45)) as the corresponding ‘oxprossions
found in oxact solutions of shell problems, and since
thoy permit a largec recduction in the enorgy they must be
closo to tho corroct value, The dboundary conditions for
ug and uyp specified 1n tho first part of this roport
Epa;. 12) are automatically satisfiod by using equation
46).

113, Equntions.(45) and (4€) can now be substituted into
the expressions (28) and (32) for €,,.., %Xp... and tho
rosulting quantities can to substituted into thc exproesgion
for total energy change during the buckling displacemont,
Usinge the correction factor A this energy change can now
be tokon as T = V/A, Wwhere T and V are given by cqua—
tions (35) and (3€), By making theso substitutions, carry—
ing out the integrations and simplifying, the total energy
change 1s found equal to certain constnant factors times

P cee.

.
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[ﬂ Sa + (1 ks e 'v )sb+ za‘vssj R—S{Lh(eua-w)

+ NUb (1 + 8%y ) K 2rub(au - "!)+ Q,Uba(BUb+ 27, 558

Py
O

1/. %
QU (1e BBy 4 ZIUbBV(WH BUL Yo STUL V(AU = l\:}\

t

Ca R [DIe‘ + D, (1+ aav")“/a‘ + Daav 4 D01 + BYY)
+ D (2857 + 6v) + Dczaav]} ‘ (47)

114, Setting the derivatives of expression (47) with
respect to W, U, and Uy egual.iv zero, eliminating
U’a and Ub between the resulting three equations and

simplifying, reaults in the following expression (except
for the term 0,03 B Gl, wkich has been addod for reasons
discussed lnter) o

Bés,+ (1 + BN®)s, + 2B*¥s, =

AR (e Y)Y 1485V /8 +h 28% San Wi oY
[ C1(P7+0.03B%)+C 2B v 40, (1+B7) 2/ B-+C4{1+B7Y = )40 2B~ +Ca Hy5#C72Y+Ca2B™y

LY

= o Z .0 ]
(.‘.‘.) + D28% 4 D1 + BYT)¥/R% 4 DUY %4 D (14 YY)
= :

+ Dg(2B° ¥+ €¥) * Dsaazv] (7av)

where A,,,,4q,, Ciesels have the values given in equatior
(5)(par, 25), Thies is the same equation as (7a) (par, 30) and
the values of 8gee, Aj400y Cieus, 4;,., (which are charted in
fig, °) are as indicated in equation (7a!), The added term

0, 03p* C, has a negligible effect in ordinary problems,
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but has been ardbitrarily addecd because it was found to
greatly improve the accuracy in such extreme applications
as the torsion of long tubes, It obviously has a conserv—
ative effect in any cacse,”

115, Case B, This caze 1s developed in a manner similar
to cacse A and the result is the same as given in equation
(7at!) except that the numerator of the lonz fraction is
replaced by

BB% + BoBY® + By(1 + BAYE)VE 4+ 3,285 4+ Bs28%Y  (711)

where B,,,,Bs also have the values given in equation (5).
This then coincides with equation {(7b)(par. 40) and the
values of b,,,.by aro as indicated,

THE CORRECTION FACTORS K, AND K,

116, Tlgure 6, uscd for determining K,;, needs little ex—
planation, It may be considered as representing the re—
lations betwecen the Euler formula and the ueual rules for
designing columns in the long and short ranges, generalized
80 as to bo applienblo to any type of stability probdlem,
Using tho broken lino markod "idcal" is equivalent to
using the strces nt which buckling would thopretically
occur, or the strcss at which yielding of the material
would occur, whichever 1s the smnllcer, The horiszontal
part of the line corresponds to the range in which buck—
ling occurs first, and the sloping to the range in which
the material yields first,

117, The other lines allow for the fact that partial fail—
uro of the material between the proportional 1limit and the
Yield point (which can be consideresd for the present pur—
poso to colncide with the "ccompressive strength" for wood),
as well as initial crookednose and other oquivalent im—
perfectione, all reduce the ideal strength, especially
when tho structuro is near to both types of fallure, The
curvo marked "good construction™ follows closoly the short
column formula given in refecrence 1 (p, 59) except for more
allovance for the cffcect of imperfections in the long col-
unn range, Tho curve markod "rough coanstruction™ is close
to some of the morc pessimistic column formulas, Most ro-
liable strut tests fall between the two curves,
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118, .Tigure 7, usod for obtalning K;, 1s an attempt

to consider the fact that tests on metal oylinders, ee—
pecially under axial oompression, bave always shown largs
deviations from theory, This is true even when the dbuck—
ling stresses are far below the proportional limit of the
material, so that the cylinders are far into the "long
eolumn® range, and the faotors considored in flgure &
afford no explanation, The experimental strengtk varles
from nearly 100 parcent down to 20 percent and less, of
the theoretical, so that blanket reduction factors arec
hardly practical, To devise a reasonablo way to allow
for such discrepaneies under any and all eonditions ro-
quires some undsrstanding of the causcs of the phonomernon,

.119, This question has long teen ccntroversial but a
reasonadle explgnggion has receantly beon nade possible by
resoarches of Karman nnd Tsion (referonce 7) although the
explenation suggested by theso authors does not in itsolf
soen very satisfactory, If the load on a "porfect! strut
is plotted against 1ts laterrl dzflection, ns shown in
figure 182, & horizontal or slightly rising line after
buckling is obtainoed, Practical etruts witn initial de—
feotm give curvaes which approaca this lcrigontal line more
or less rapidly, depending on the amount of inltial curva-
ture or other defeot, Yielding eventually occurs owing to
the combination of direct and vending stress, and the curve
breaks downward, the load at this polnt measuring about: the
maxinum resistance, This paxipur resistance, for struts
which are not close to yielding vhen they buckle, is ob—
viously not much less than that cf tho perfect strut, and
depends but little on the magnitule of the initial defects,

120, On tho other hand, Karnan and Tsien (using a larse
dsflection theory which it would be 1mp;actiea1'to appiy

to our general problem) have shown that a compressed per-
fect cylinder behaves, as shewn in firure 13b, offoerin;

the same resistance at first as is indicated by ecnvan—
tional thoories gsuch as the present oue, but with rapiily
fallins resistance as the deflection inerenzss, Conparison
of firures 18a and 18b makes it evident that a practical
cylin“er with initial defeets must behave as is iniicated
and will have a naxinunm resistance whaich is Euch lessg tha;
that of the jerfect. eylinder and which is veri‘aepgﬂaent

on the nagnitude of the initial defects, even wisnnﬁzn;Ield-
ingz of the naterial occurse, *

121, This conclusion that the reduction in strength demneands
principally on the initial inperfections in shape, auggésts

A
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first that the reduotion should ‘bs a function of the
radius thioknese ratio r/t . ae it is well known that
duch defecte are relatively muoh greater .in very thin
oylinders (reference 5, p, 7). It 1s also logical that
the .reduotion should be a function of. the total numbder

of buckles over .the surfage of the specimen mn because
the ohance of large imperfections of an unfavorable shape
being present. over an area correoponding ta some of the
bucklee obviously. inoreaees. with the total number of .dbucklee
whioh may. occur, . , . e

122, - rigure 19 ehows the rather remarkahle coordination
of all the avalladle test results on cylinders which it
has been found possible to achleve on this basis, The
vertical ccordlnates of the points represent tho ratio
between the experimental strength and the strength as
given by the present theory, while the horizontal co—
ordinates are calculated from the critical m and n -

. pzedicted by the theory, - There 1s still a good deal ‘of
.scatter, but. there obviously must .be. much scatter in the
uccurance of’ unfavorable defects -in shape, and the scatter
1s lces than has ever before been obtained in attempta -to
ooordinate .such, test results, . .

123. The two curves in figurea 7 and 19 represent the.
Cminimunm’ and naar—minimum of the points, If an allowance

" for scatter 1is. made in gelecting the modulus of elasticity
of the material, as diecussed in paragraph 1€, and if it
is consldered, that a good’ many of the uncertainties which
general factors of safety ordinarily have to cover are -be—
ing separately allowed for, it seems coneervative to use
the good construction curvel of both riguree g and 7 for
the design of alrcraft structures, .

CONSIDERATION OF EDGE FIiITIEﬁ

124, The method presented (par, 53) 1s a rough approxi-
mation, which is advanced as being quite practical to use,
and, since it gives reasonable resulte oven in extrome
casee, as bolng greatly preferabdle to the common practice
of neglecting odge fixities or gueseing at their effects,
It makes the assumption that the effect of fixity along,
say, the edges a can be approximated by a suitadle modi-
fication of the bonding stiffness in the direotion pperpen-
dicular to these odges, Thie aseumption secems baeically
logioal if 1t 1s con-iderod for instance, that suoh edge
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'fixity'wonld lavs no-effect whatever’ if this bénding
stiffness happened to be zero, no matter what the other’
ltiffno-sel " were,

35. Qhe method was derived by experimenting with various
functions which genesrel experience indicated to be reasoa~
ablé, or whiéh were suggested by approximate solutions of
linplified oases, and has bYeehr checked by comparing it to

“warious special known solutions, Since ite Justification
depends entirely on these checks, and sinoe they should
cover the hinged as well as other edge conditions, they
-ars disciussed all together in the following section,

CHECKS WITH PREVIOUS THEORIES

136, !1rst compare results obtained from this theory
(without the factors X, or X,) -with previoue theories,
in the ranges for vhich the latter apply, Most previous
‘theories for anisotroplie plates or shells neglect Poisson's
ratio effeots and make other assumptions whoee general va-
14d1ty ie uncertain, Hence, the only anisotropic theory
for which a oomparison will be made le that of reference 2,
which gives the stability conditione for fiat hinged—edged
plywood panele under combinations of shear and compreselon
in one direotion, It is reaesuring that tho present theory,
ulthough derived independontly, coincides exactly with this
theory for thie caee when tho pane1a are of infinite length,
The following table of equiyalent notations is given for
convenienco in comparing the two theories, The previoue

. theory 1s an approximate energy solution similar to the
prceent one, but ite method of taking caro of the aniso—
troplc elastic proporties of the sheet is ontirely rationalj
this 1s, therefore, an excellent check on this phase of the
preeent theory,

Reference 2 b T E, |,

Present theory| bla/m 1/ | -6 s CE{ DE

(n=1) s

127, Tre present theory differs from the previous one in
the correction for the-finite length of the panel, The’
present method does this by requiring the number of half
waves m to be a whole number, and uses a correction
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factor A only for tho interforonce with tho cngularity

of the waves pt the panol ends, Tho mothod of refercnce

2 assumos first a wave length tho samo as for an infinitely
long panol, and corrocts (for the shear strecss only) for
tho interference with both the angulnrity and this leagth
of wavo, owing to tho ponel ends, by a factor kg/{ky).;
this simplifies tho mothod, but thls simplification could
not bo used in the genoral application of the prosent
thoory 1in any coso,

128, Further checks can be obtalned with previougc thecries
for igotroplc plabtes and shells, For isotropic sheets,
equations (4y,,) and (5) (par, 25) insorted in equation
(7at) givefor the case A and hinged odgeo:

Siree
875a+ (148°Y*)5+ 287v5 = § ET [‘fz(az+g§+6¥a+aay Y2428 ")

2(1-1)B3Y2 + U2 (1+83¥2) Y2 + U(1-42) (1483 3) %/ (a, N T
¥ sz+o.035f+[(1+u)a/(g_a¢)] B2+ (1+8°%v3)3/p2%+2(1+8%Y?) \mn/ B Lao

129, ©For the cade of a cylinder in torsion S§p=Sy,=0,

A 1, GSelecting ¥, m, and n {n always.equals 1 in»
such a case) to minimize Sz, and assuming p = 0,3, the
results in table V aro obtained, JIf the edzos at the endsgs
of the cvlinders are fixed, then frok equation (15a) (par,
53) &, =, Ay = (n + 1)2/né ="4, and the long paren—
thesls in the above equaticn is changed to

(% + 2 4 12v% 4 8% + 2 4 28%Y")  (74.0")
ad

Agaln selocting ¥ 'and m to minimizo Ss,reaults,which
are nlso shown in thc tabdblo, are obtained, Tabdle V also
shows the results obtalned with the previous theory (refer—
ence b) for the same cases, For long cylinders the corrce—
tion for edge fixity ovidontly has less effect than it
should have, out the effecet 1s not very iuportent hore,
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. TABLE V

-".b'/rf. R - -1 2000 -1 20500

g Modium -
:Genora) description| Short cylinder length &ylinder Long cylinger

Ldge Condition | Hinged | Fixcd | Hinged | Fixed | HingedjFixol |

Referonce 5| U3, | 50 | 220 240 1300 1Loc

8./v + 'Presont . . .
f‘(‘f} thg:ry. iy __u9 o230 235 1320 ..13§o

130, ¥or the case of a cylinder undor axial compression
8, = 85 = 0, A =1, Tho minimum .Sp is odtained in this

oase when ¥ = 0 nnd m and n are in general bdoth
eroater than one, It can easily be shown that the present
theory checks tho "clasaiial“ theory exactly for this caso
exoopt for tho term 0,038°C," (0,038 'in équation (71so))
whioh has only tha slight uf'ect here .0of r¢ducing the value
found for Sp by a fraction of 1 percent, ' There is no
exact solution avallable to check tho effect of odge fixity
in this case, but the correction for edge fixity of the
present theory has little effecct in this case unless the
eylinder is very sbort which 1s entirely in accord with
test experience, . ..

13I. Similar results are found in comparing the present
theory with known theories for the buckling of .curved
panels under axial compression, All these cases constitute
a good check of the troatment of the effect of curvature

in the present thaory,

132, Numorous solutions for the stability of isotropic
‘flat panels are avalladble for comparison, For this casa
r =, a= 0 aad th¢ condition for stability reduces to
the first llne alone of squation (7;.,)., The curves of
figure 17 show tle results of applying this cquation to
the case of shear on a hinged—edgod panel, couparod to
known solutions, A4 similar chock is obtained for the
case of shear on an infinitely long panel with the long
sides fixed, No exact solutiorn is available, for compar-
ison, for a finite panel with fixed edges, °*
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-183, ' Figure 20 shows a comparison between the.present

- theory and the exmct (referencs 8,.p., 168) for compres—,
slve lobding of variote shapes of panele,:under various,
extreme edge conditione, The ourves are -extended beyond
the range in which “a > b, as such a limitation ie not
neceesary for this case, These cases of panels under
widely varying conditions of loading, edge fixity, and
proportions, with maxinum errors.-of 20 percent- on the
conservative side and 10 percent on the unconservativa
eide, represont 'a reasonable check of tho prosent thoary!s
troatment of panol size and completo edge fixity, :

v o . e s e =

134, The treatment of fixitiee intermediate between

zero (hinged) and cocplete .fixity, and .owing to: the
torsional stiffneee of the member to which the panel

edge le attached, can be checked against a solution by
Dunn (reference 9), Tigure 21 shows how the reeults
obtained with the present theory compare with this pre—
vious theory for the case when a 1is csreater than b,

and for various torsional stiffncsses of the sido members,
The case considered here is that of several adJjacent and
similarly loaded penels, as in somi-monocoque construction,
80 that the effoct of each side member is divided betwsen
two panels,

135, The treatment of intermediate fixities owing to dis-—
tributed elastic resistance to rotation can be checked
against the case of a etrut wit: elastically clamped ends,
A very long flat panel, under compressicn §p in the di-
rection of the short side, is under tiae sarme condition ae
a strut, except that the "piate modulus” ¢ = E/(1 — p?)
takes the place of E, This is the only kind of bduck-
ling of etiffened panvle which is congidered in reforence
1, Tigure 22 ehows the rosults obtained with the proeent
theory for a simple ilcotropic panel under theee conditions,
compared to the oxact solution, A sipilar check could be
expacted for plywood and for stiffened panels if an exact
solution were availadble for comparison,

EXPEIRIKENTAL CEECKS

136, PFigure 12 affords a comparison between the present
theory, with the correction factors X, and X; and
numerous tosts on cylinders, Unfortunatoly tosts on panels
of motal or plywood khavo almost all beon made under indotor—
minate c¢dgo conditions, and also practically all available
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reports on-teste of ylywoopd panels or cylinders are lack-
;ing-4h. some of the essontial data,: Tests om plywood con-
rt!ubtlcnb'unaer.dotorninate-conditionn ars greatly .
neefded,’  Figure 23 suggests a method of. teeting which
vould permit the conditions of the sheet: 40 be known and
o.ln.lgmi—monpcoquo construction, and
vhioh would at the same time permit the roalstance of the
sheet to be igolated from that ot,longitudingllgtixtepera.

-The tests of Plywood eylinders ineluded in figure
taken from the most complete reports gvailable, but
some of the data were uncertain even in these cases, Thig
quite Prossaidly mocounts for the groater scatter in these
testy compared: to metal eylinders,
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TABLE II
= Equal o
- Stress Positivel pasitive |Tomnres.! rosative [Negative
combination shear | shear anl seem | el et eud | ghear
coupression Pormararrion
8 ‘ '
theor stab 2120 | 1875 4820
(ciroles, tig. 11b)| 260 ) ; 10
Snat strength
3 2 2000 400
(See par. 79 3400 2000 300 3
“theor {etaD 0 0.72 0.92 0.94% 1/0.71
Snat strength +93 T : * '
K, (fig. 6) 0.88 0.96 0.89 0.87 0.66
Critical m 3 2
Critical n 1 1
o/ B0 LY mn 12
5T = 5T 0.22 0.24
10°¢ 10 °x 0,19
s (fie. 7) 0.90 0.92
by a
nract cirdb 2500 1240 1700 146¢C 2880
= Ky X2 Sgheor sted
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TABLE III - Typioal Tabular Solution of Ossa A' Problem

(Use wum form for Oass B' problems exoapt that
B, By==, b, by-=, R'are substituted for A,, A,-, 8,, 8, ~, Iy

a(m = 1) 2% 1 36
a 2 b 1
9.7 12.5 12,5

Ds
A0, = n,(%;mhl)‘ 10,3 s 13.8
p-m. .25 .58 39

v 0 .25 .50 .75 0 .25 .50 .15 0 .25 .50 .75
A S, -15 ., 0 0 0 A6 o = ) ) = S 5
Ay, = 89 ORI S SO B LS S QS 0 1 .2 .5
f Aysq = 1, %" < 23.0 23.5 24,0 25, 5.7 6.1 6.8 8.1 | 12,5 12,5 13.5 15.0
SAteg = A 23.0 23.6 24,2 26.0 | 5.7 6.2 7.1 9.0 | 12,5 13.0 13.6 15.6
0,0, » :..E 7 Y SRS S 5 5 8 5 2 .2 a2
EE N ) BRI 303 7 0 & i
Gaty ® 2.15 0y 25.5 25,8 26.2 26.0 | 6.3 .0 | 28,0 14,5 15,
30333 = C" 25.6 25,9 26.4 26,5 14,2 14,6 15.4 17,
(R o (25 . gy 22,4 202
| *Do"do * A/O ao 20,2 20,3 20, 6 20 6 118 :.Bo mi :.eg
121 128 121 135 05 s s
. 1 .2 6 1.1
1ok b a5 :. 5 1.8 3.8 1.5 1,5 |
' 193186 150 158 | 271 2717 282 2y> |
0 -3 -.6 .8 0 -3 -6 -9
- . y 186 189 157 ] 277 281 294 |
4 R ____i'_’_i'é_Lﬂ 159 m T8 8 i
8a2/1000 = 50/a* * s 086 ] 039
a D+ = 84 12.6 12.8 13.5 [10.5 10-7 11.3 12.5 S 10,8 11,0 11,
3 D=5 8- | 1233206 1310 13.7 | 19°% 1017 1115 2.7 | 30:6 108 11.1 1178
0 .0A .08 .12 o a7 .33 .8 o .08 .15 .22
Mr)lb =1, 81 o; 1,67 1,69 1,92 2,00 [1.67 1.9% 2,05 2.2¥ | 1.87 1.93 2.00 2.05
1,87 W+ & | 1,67 1.93 2,00 2,12 [1,87 2,11 2.38 2.75 | 1.87 2.01 2.15 2.27
MY You. Mhear t ==t .
& ca-punion/moo so/ 1,878p484) 6.6 L5 6.4 6.4 | 5.6 5.1 4.7 l.z 57T 5.4 5.1 5.1
:mo /(1.878p) 6.6 6,7 6.7 6.8 | 5.6 5.5 5.5 5. 5.7 5.6.5.5 5.6
[ éu-px'-uuon/:.ooo 5-/(1.8Ta38%)| 6.6 6.6 6.5 6.5 | 5.6 5.1 5.8 L6 | 57 5.8 5.2 5.1
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TABLE 1V
Posi~ Equal Equal Hego—
Strese tive | poeitive |Compres— negative | tive
combination shear | shear and sion shear and | chear
compression cenpression
Stheor etab
(circles, fig. 12) 4500 5500 k600
® Smat ctrongth 2000 2300 2000
g
A Saat ctrength o . .
. . Ol
Stheor stad ! 0 9 3
X, (fig. €) 0.43 0.40 0.l
Stheor stnb
(compression only)
1.05x1700000
(e, =
Sy a0 Sy=5.25y 235C0 28600 24000
N Smat strensth
g (reference 1, ne 14) 7000 7000 7000
[
“
) Spat strensth
n —_ 0.30 0.25 0.29
Stheor ctab
Ky (f1ig. 6) i 0429 0,24 0.28
Critical a, n 24,1
fana /1x1x24
10567 & 1C°x 0.0 O
Xz (fis. 7) 0.9% i
o Fr:‘!!c‘: stad - 40 N
8 = Xy Kg Stheor. utnd 1220 | 12 1220
é Fpr.-vct stadb
(frou tablo II) 2500, 12k 1700 1L60 2680
1 Toract cteb \
' (critical) 2500 1220 1240 1220 2880
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Method or using figure 9
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